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In Section 5.5, Coleman applies Noether’s theorem in classical field the-

ory to the case of spacetime translation. The transformation is applied to
the fields, so we have

φa (x)→ φa (x+λe) (1)

where λ is the parameter giving the size of the translation and e is a constant
4-vector in spacetime giving the direction of the translation. It’s important
to remember that x and e are 4-vectors, not scalars.

We wish to find the current given by

Jµ ≡ πµaDφa−Fµ (2)

with the quantities defined as

Dφa ≡ ∂φa

∂λ

∣∣∣∣
λ=0

(3)

DL = ∂µF
µ (4)

πµa =
∂L

∂ (∂µφa)
(5)

From 1 we have

Dφa = eρ∂
ρφa (x) (6)

Since we’re considering infinitesimal translations, all the derivative terms
D.. . depend linearly on the components of the vector e, so we will expect
the currents Jµ to be some linear combination of eρ. The most general such
expression is

Jµ = eρT
ρµ (7)

where T ρµ is, at this stage, nothing more than a general 4×4 matrix.
We saw earlier that
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∂µJ
µ = 0 (8)

so from 7 this gives us (since the components eρ are arbitrary)

∂µT
ρµ = 0 (9)

The quantity T ρµ is known as the canonical energy-momentum tensor.
At this stage, it’s useful to compare this result with that for classical par-

ticle theory, where the system was translated in space only by xxx→ xxx+λeee.
In that case, Noether’s theorem resulted in a global conservation law for the
quantity

Q= eee ·∑
r

mrẋxx
r (10)

= eee ·ppp (11)

where ppp is the total momentum. Remember that in particle mechanics, the
conservation laws are global, applying to the system as a whole, but in field
theory, the currents Jµ are densities, and we get both a local and a global
conservation law.

Returning to field theory, we observe that, so far, the only condition we
have on T ρµ is 9, and therefore T ρµ is not unique. This is because we can
add the divergence of some antisymmetric object Aρµλ, where the antisym-
metry applies to the last two indices:

Aρµλ =−Aρλµ (12)
We can therefore use a modified energy-momentum tensor of form

θρµ = T ρµ+∂λA
ρµλ (13)

because the divergence with respect to µ of the last term is zero:

∂µ∂λA
ρµλ =−∂λ∂µAρλµ =−∂µ∂λAρµλ = 0 (14)

The first step follows because of 12 and the fact that the order of the deriva-
tives doesn’t matter. The second step follows from swapping the dummy
indices λ↔ µ, and the last step follows because the first and third terms are
negatives of each other, so must be 0.

The tensor T ρµ contains 16 quantities. We can get some insight into
what these components mean physically by applying the integral form of
the conservation law 8. From 7, suppose we take

e= (1,0,0,0) (15)
That is, e represents a translation in time only. Then we have
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Jµ = T 0µ (16)
and from 8 we have

∂0T
00 +∂iT

0i = 0 (17)
Integrating this over a volume V with surface S and using Gauss’s theorem,
we get

d

dt

∫
V
d3xxx T 00 =−

∫
V
d3xxx ∂iT

0i (18)

=−
∫
S
d2xxx niT

0i (19)

where nnn is a unit normal to the surface.
In this case, the ’charge’-like quantity is the integral of T 00 and the

’current’-like quantity is T 0i. We see that the change in the integral of
T 00 is given by the integral of the flow of this ’stuff’ across the surface. In
the particle theory, invariance under time translation led to conservation of
energy. In the classical field theory, we therefore interpret T 00 as the mass-
energy density (since we’re doing a relativistic theory, we have the usual
mass-energy equivalence), and its space integral is equal and opposite to
the surface integral on the RHS of 19. Therefore, the quantities T 0i are the
components of a 3-vector representing the flow of energy across the surface.
The physical interpretation of 19 is therefore that the rate of change of the
mass-energy content of a volume V is given by the rate at which energy
flows across the bounding surface S.

We have a similar interpretation for the other components, although in
this case, it is momentum density and momentum flow. For example, if

e= (0,1,0,0) (20)
so that the system is translated along the x1 axis only, we get

d

dt

∫
V
d3xxx T 10 =−

∫
V
d3xxx ∂iT

1i (21)

=−
∫
S
d2xxx niT

1i (22)

In this case, the conserved ’stuff’ is the total momentum in the x1 direction,
given by

∫
V d

3xxx T 10, and the quantities T 1i represent the flow, or current,
of x1 momentum in each of the three coordinate directions.

Thus the T 00 component is the mass-energy density, and the T i0 compo-
nent is the density of the ith component of 3-momentum.
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To complete the derivation, Coleman derives an explicit form for Jµ us-
ing 2 (details in his eqns 5.46 to 5.50) with the result that

Jµ = πµaeρ∂
ρφa−gµρeρL (23)

where gµρ is the metric tensor. Comparing this with 7 and using the fact
that eρ is arbitrary so we can factor it out, we get an explicit form for the
energy-momentum tensor:

T ρµ = πµa∂
ρφa−gµρL (24)

Although all this was derived for classical field theory, it turns out to be
valid for quantum field theory as well. Coleman goes through the derivation
for the scalar quantum field

φ(xxx,t) =
∫

d3ppp√
(2π)3√2ωppp

(
apppe
−ip·x+a†

pppe
ip·x
)

(25)

In eqns 5.54 through 5.58 he shows that, with a bit of mathematical licence
(juggling an infinite delta function) or by using normal ordering, we can
derive the conserved momentum for the quantum field, giving

PPP =
∫
d3ppp

(
a†
pppappp

)
ppp (26)
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